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Abstract 

If we 2-color the vertices of a large hypercube what monochromatic 
substructures are we guaranteed to find? Call a set S of vertices 
from Qd, the d-dimensional hypercube, Ramsey if any 2-coloring of 
the vertices of Q n , for n sufficiently large, contains a monochromatic 
copy of S. Ramsey's theorem tells us that for any r > 1 every 2- 
coloring of a sufficiently large r-uniform hypergraph will contain a 
large monochromatic clique (a complete subhypergraph) : hence any 
set of vertices from that all have the same weight is Ramsey. A 
natural question to ask is: which sets S corresponding to unions of 
cliques of different weights from are Ramsey? 

The answer to this question depends on the number of cliques 
involved. In particular we determine which unions of 2 or 3 cliques 
are Ramsey and then show, using a probabilistic argument, that any 
non-trivial union of 39 or more cliques of different weights cannot be 
Ramsey. 

A key tool is a lemma which reduces questions concerning monochro- 
matic configurations in the hypercube to questions about monochro- 
matic translates of sets of integers. 
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1 Introduction 



Ramsey's theorem is a seminal result of extremal combinatorics. It implies 
that any 2-coloring of a sufficiently large r-uniform hypergraph will contain 
a monochromatic copy of a complete subgraph of a given size 

The question we wish to address is: what types of monochromatic sets are 
unavoidable in any 2-coloring of the vertices of a large hypercube? Such sets 
are said to be Ramsey. Since the set of vertices of weight r in a hypercube 
correspond to a complete r-uniform hypergraph it is natural to ask whether 
sets of vertices corresponding to unions of complete hypergraphs of different 
weights can be Ramsey. Our main results show that this can happen for 
some unions of two or three complete hypergraphs (Theorems ITT1 and [THj) . 
but that it cannot occur for arbitrarily large unions (Theorem [T8|) . 

In the next section we give the required definitions and show that when 
considering which subsets of vertices of the hypercube are Ramsey we may 
restrict our attention to particularly simple "layered" colorings (Theorem [2]). 

As far as we are aware this paper is the first to consider Ramsey problems 
for the vertices of the hypercube. There is an extensive literature, however, 
on the corresponding problems for edge-colorings of the hypercube. 

Chung |3] showed that for all k > 2 and all r > 1, there exists N such that 
if n > N, every edge-coloring of Q n with r colors contains a monochromatic 
copy of C*4fc. Moreover she gave a 4-coloring of Q n with no monochromatic 
copy of C*6, while Conder [5] found a 3-coloring with this property. 

Alon, Radoicic, Sudakov, and Vondrak [2] extended this to show that for all 
k > 2 and all r > 1, there exists iV such that if n > N, every edge-coloring 
of Q n with r colors contains a monochromatic copy of 

Axenovich and Martin [5] gave a 4-coloring of the edges of Q n containing no 
induced monochromatic copy of Cio- 

So-called d-poly chromatic colorings have also been considered previously: 
these are edge colorings of the hypercube with p colors so that every d- 
dimensional subcube contains every color. Alon, Krech and Szabo p] give 
upper and lower bounds for the maximum number of colors for which a d- 
polychromatic colorings exists. Their lower bound was later proved to be 
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exact by Offner [TO]. They also considered <i-polychromatic colorings for 
vertices of the hypercube. Recently Stanton and Ozkahya [T2] have also 
considered some of the questions raised by Alon, Krech and Szabo. 

Related Turan-type problems for both edges and vertices of the hypercube, 
were also previously considered. Chung [Ij gave bounds on the density of 
edges required to guarantee a copy of Q2 and this was improved recently by 
Thomason and Wagner [13]. Chung also showed that any positive density 
of edges in a large hypercube guarantees a copy of C^, for k > 2. More 
recently this was extended to (k > 3) by Fiiredi and Ozkahya. For a 

unified proof of the theorems of Chung, Fiiredi and Ozkahya, see Conlon [B]. 

The first Turan-type result for vertices of the hypercube is due to E.A. Kos- 
tochka jS] who showed that any subset of the vertices of the hypercube of 
density greater than 2/3 will contain a copy of 0,2- For related results see 
Johnson and Talbot [TJ. 

2 Definitions and equivalences 

For a, b G N, a < b we define [a] = {1, 2, . . . , a} and [a, b] = {a, a + 1, . . . , b}. 

For n > 1 let V n = {0, l} n . The n- dimensional hypercube, Q n , is the graph 
with vertex set V n and edges between vertices that differ in exactly one 
coordinate. 

If 1 < d < n then an embedding of Qd into Q n is an injective map ip : V<i — > V n 
that preserves the edges of Qd- Note that the image of Vd under any such 
embedding consists of 2 d elements of V n given by fixing n — d coordinates 
and allowing the other d coordinates to vary. We refer to the image of such 
an embedding as a (rf-dimensional) subcube of Q n . 

Given F C Vd and S C V n , with 1 < d < n, we say that S contains a copy 
of F if there exists an embedding ip : Vd — > V n satisfying ^{F) C S. 

For t > 2, a t-coloring of Q n is a map c : V n — > [t\. A t-coloring of Q n 
contains a monochromatic copy of F if there is a color i G [t] such that c _1 (i) 
contains a copy of F. 

We say that a set F C Vd is t-Ramsey if there exists n (F,t) such that for 
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Figure 1: A 3- dimensional subcube of Q4 



all n > no, every t-coloring of Q n contains a monochromatic copy of F. 

For the remainder of this paper we will work with a different model of the 
hypercube: the Boolean lattice, in which vertices of the hypercube are identi- 
fied with subsets of [n). To be precise, if 2^ = {A : A C [n]} is the powerset 
of [n], then the poset (2^ n \ C) has Q n as its Hasse diagram. We identify V n 
with 2^1 via the natural isomorphism s : V n — > 2^, s(x) = {i : Xi = 1}. 

We are interested in characterising those subsets of Vd which are t-Ramsey. 
The simplest example is given by Ramsey's theorem. For a, t > a clique of 
order t and weight a is a family consisting of all a-sets from a set of size t. 
Given a set K with \K\ — t we denote this by if^. 

Theorem 1 (Ramsey [11J). Fort > 2, all cliques are t-Ramsey. 

A trivial corollary is that any family of sets which are all the same size is 
t-Ramsey for t > 2. It is also obvious that any family of sets which contains 
members of even and odd weight is not 2-Ramsey since coloring all sets of 
even weight red and all sets of odd weight blue avoids monochromatic copies 
of such a family. 

For A e Vd the weight of A is \A\. The collection of all sets of a fixed weight 
in Vd gives a special type of clique, called a layer. The layer containing all 
sets of weight i from Q n is called the i th layer (of Q n ) and we denote it by 
U 

A particularly simple t-coloring of Q n is one that is constant on each layer. 
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Figure 3: A layered 2-coloring of <2 4 with no monochromatic copy of <2 2 - 
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We call such a coloring layered. A set F C Va is t-layer-Ramsey if there exists 
ni,(F,t) such that for all n > til, every layered t-coloring of Q n contains a 
monochromatic copy of F. 

Our first result says that there is no difference between t-Ramsey and t-layer- 
Ramsey sets. 

Theorem 2. A set S CV d is t-Ramsey iff it is t-layer-Ramsey. 

For the non-trivial implication in Theorem |2] we require the following lemma. 

Lemma 3. If s,t > 1 then there exists Ci(s,t) such that any t-coloring of 
Q n , where n > c^, contains a copy of Q s such that the restriction of the 
coloring to Q s is layered. 

Proof. By Ramsey's theorem, for any s > I > and t > 2 there exists an 
integer R(s, I, t) such that whenever the collection of all /-sets from [R(s, I, t)) 
are t-colored there is a monochromatic clique of order s. We define a sequence 
fo,fi,--,f s -i by: f = s, fi = R(fi-!,i,t) for % > 0. 

We claim that cl(s, t) = / s _i will suffice. Suppose that x is a t-coloring of 
Q/ S _ x . By the definition of the {fi} there exists a nested sequence of sets 
F C Fi C F 2 • • ■ C F s _i = [cl(s, *)] such that |F,-| = for j = 0, 1, . . . , s - 1 
and the restriction of % to is monochromatic for j = l,2,...,s — 1. (To 

see this start with F s _\ and work down.) Hence the restriction of x t° Fff^ 
is monochromatic for j — 1, 2, . . . , s — 1. Adding the empty set and F then 
gives the desired copy of Q s on which the restriction of x is layered. □ 

We remark that our proof actually implies that in any t-coloring of Q n , 
where n > ci{s,t), and for any B G V n there is copy of Q s with ll B at 
the bottom" for which the restriction of the coloring is layered. The integer 
CL(s,t) produced by this "tower of Ramsey numbers" is obviously rather 
large if s is large. It would be interesting to find a good upper bound for the 
smallest possible value of Ci(s,t). 

Proof of Theorem Since a layered t-coloring of the cube is still a t-coloring 
one implication is trivial. 
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For the converse suppose that S C V d is t-layer- Ramsey. Let x be a t-coloring 
of Q n with n > CL(n L (S,t),t). By Lemma [3] there is subcube Q nL (s,t) °f 2n 
such that the restriction of x to this subcube is layered. Since S is t-layer- 
Ramsey this subcube contains a monochromatic copy of S. □ 

For SCV d we define W d (S) = {\A\ : A G S}. For example, if 

S = {{1,2, 3}, {1,2, 4}, {1,3, 4}, {5}} QV 5 
then W 5 (S) = {1,3}. 

A layered t-coloring c of Q n is equivalent to a t-coloring c of the integers 
{0, 1, . . . , n) (given by c(i) = c(Lj)). Thus, using Theorem[2j we can translate 
our original question "which subsets of the hypercube are t- Ramsey", into 
a question concerning t-colorings of the integers that avoid certain distance 
sets. This is the key observation which underlies most of our results. 

For DCZ and b G Z we define D + b = {d + b \ c?G D} to be the translation 
of D by b. We say that a family of sets of integers V = {Di, D 2 , . . . , Dk] 
is t-translate-Ramsey if for every t-coloring of the integers, c : Z — > [t] there 
exists D G T> and j G Z such that D + j is monochromatic, i.e. every t- 
coloring of the integers contains a monochromatic translate of a set from the 
family. 

For example the family V = {{0, 1}, {0, 2}, . . . , {0, t}} is t-translate-Ramsey 
but not (t+ l)-translate- Ramsey (to get a (t+ l)-coloring with no monochro- 
matic translation of any set in T> just repeat a list of the t + 1 distinct colors). 

Lemma 4. IfT>— {Di, D 2 , . . . , D^} is t-translate-Ramsey, then there exists 
nT{T>,t) such that every t-coloring of \jit(T3, t)\ contains a monochromatic 
translate of a set from T>. 

Proof. (This follows easily by compactness but for completeness we give an 
elementary self-contained proof.) Suppose that T> is t-translate-Ramsey. Let 
d = max{maxD — minD : D G T>}. We will show that nr(T>,t) = d(t d + 
1) will suffice. Suppose, for a contradiction, that there is a t-coloring c : 
[d(t d + 1)] — > [t] with no monochromatic translate of any D G P. Let 
Bi = {1 + (i - l)d, 2 + (i - l)d, ...,id} then [n T ] = B x U B 2 U • • • Since 
there are t d + 1 blocks and each block contains d integers, there exist 
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blocks Bi,Bj with i < j such that Bi and Bj are colored identically. Now 
color the integers periodically using the colors of B iy B i+ i, . . . , Bj_x 

If this coloring of Z contains a monochromatic translate of D e T> then by 
definition of d this translate meets at most two consecutive blocks of the col- 
oring. Moreover since the coloring of [nj] contained no such monochromatic 
translate it must meet two consecutive blocks which did not occur in the 
original coloring of [tit]- But no such pair of blocks occur (since Bj and Bi 
are colored identically). □ 

It would be interesting to find an order of magnitude estimate for the smallest 
possible riT{T>,t). We note that the proof of Lemma H] also shows that if T> 
is not t-translate-Ramsey then there exists a periodic coloring of the integers 
with period of length at most dt d which contains no monochromatic translates 
of sets from T>. 

The link between t-Ramsey subsets of vertices of the hypercube and t- 
translate- Ramsey families is given by considering which collections of layers 
a given subset S C can meet in the hypercube under all possible embed- 
dings. 

For S C Vd we define 

W d( s ) = { w d{tp{S)) : ip : V d -)■ V d , is an automorphism}. 

Any automorphism of Qd can be expressed (in the Boolean lattice model) 
as a set complement followed by a permutation of [d\. Since a permutation 
of the d labels does not alter the weight of v 6 V(Q d ) we can restrict our 
attention to the simple automorphisms of Q d of the form iPb{A) = AAB, 
A,B e 2^ when determining W d (S): 

W^(S) = {W d (?p(S)) : if) : Vd — > Vd, is a simple automorphism}. 

For example, let S = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {5}} C V 6 . Now 
W 6 (S) = {1,3}, while 

W£(S) = {{1,3}, {2, 4}, {3, 5}, {0,4}, {1,5}, {2, 6}, {0,2, 4}, {1,3, 5}, {2, 4, 6}}. 

Note that if d\ < d 2 and S can be embedded in Q dl then S can also be 
embedded in Q d2 , so W d (S) depends on the value of d. (In our example 
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above W*(S) = {{1, 3}, {2, 4}, {0, 4}, {1, 5}, {0, 2, 4}, {1, 3, 5}}.) In general 
if di < d 2 then W£ (S) C W^(3), while W^(S)\W^(S) consists of translates 
(in [c? 2 ]) of sets from W1(S). For this reason W*[ (S) is t-translate- Ramsey 
iff Wfo(S) is t-translate- Ramsey and so we define W*(S) to be W*[(S), with 
d minimal such that SCKj. 

When considering whether or not W*(S) is t-translate- Ramsey it is natural 
to define W'(S) to be the family of all translates of sets from W*(S) which 
have smallest element zero and which are minimal with respect to inclusion. 
Thus in our example above we have W'(S) = {{0, 2}, {0, 4}}. 

Lemma 5. If S C Vd then the following are equivalent. 

(i) S is t-Ramsey; 

(ii) W*(S) is t -translate- Ramsey; 
(Hi) W'(S) is t -translate- Ramsey. 

Proof. Clearly W*(S) is t-translate- Ramsey iff W'(S) is t-translate- Ramsey 
(taking translations and removing supersets can have no effect on whether or 
not a family is t-translate- Ramsey). We will show that S C is t-Ramsey 
iff W*(S) is t-translate- Ramsey. 

Suppose that S C Vd is t-Ramsey and n (S) is sufficiently large that any 
t-coloring of Q„, contains a monochromatic copy of S. Now take a t-coloring 
c of Z. This induces a layered coloring of Q no given by c(L,-) = c(z). By 
definition of n there is a subcube of Qn containing a monochromatic copy 
of S. The set of layers of Q m in which this copy of S lies is a translate of 
some G 14 7 *(S') and hence there is a monochromatic translate of D in the 
original coloring of the integers. Hence W*(S) is t-translate- Ramsey. 

Conversely, suppose that W*(S) is t-translate- Ramsey. Lemma H] implies 
that there exists uq such that any t-coloring of [no] contains a monochromatic 
translate of some D e W*(S). Let c be a layered t-coloring of Q no . Define a 
t-coloring c of [no] by c(i) = c(Li). By definition of no, this coloring contains 
a monochromatic translate of some D e W'(S'). Hence there is a subcube 
of Q no containing a monochromatic copy of S. So S 1 is t-layer-Ramsey and 
hence by Theorem |2] is t-Ramsey. □ 
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Given Ramsey's theorem (Theorem[T]), telling us that all cliques are t- Ramsey 
for all t > 2, a natural question is to ask whether unions of cliques can also 
be t- Ramsey. The answer, rather surprisingly, depends on how many cliques 
we have. 



3 Unions of cliques 
3.1 Preliminaries 

In order to decide which unions of cliques are Ramsey we need to consider 
the different sets of layers in which such unions may be embedded. 

Recall that a clique of weight a and order s consists of all a-sets from a 
vertex set of size s. (Note that here we use the term vertex to mean a vertex 
of a hypergraph, rather than a vertex of the hypercube.) We say that a 
union of cliques is vertex disjoint if the vertex sets of distinct cliques are 
pairwise disjoint. For example if Si = [3], S 2 = [4, 10] and S 3 = [13, 20] then 
S = U S 2 U is a vertex disjoint union of cliques. We will focus 
mainly on vertex disjoint unions due to the following simple result. 

Lemma 6. If t > 2 and S is a vertex disjoint union of cliques that is not 
t-Ramsey then any union of cliques with the same weights and orders as S 
(but not necessarily vertex disjoint) is also not t-Ramsey. 

Let S = K\ U K2 ■ ■ ■ U K s be a union of cliques from Qj. Suppose that Ki is 
of weight dj and order aj + tj, i.e. Ki ~ K^_ ti . We wish to determine W*(S). 
Consider a simple automorphism given by t/>.b(-A) = AAB for some B C [d]. 
Let us suppose that \B H V(Ki)\ = b{ and \B\ = b. If bi G {0, a, + tj} then 
i>B{Ki) will be contained in a single layer (either b + ai or b — ai). However if 
< bi < cii + ti then ipB(Ki) will meet multiple layers. In order to succinctly 
describe which layers ipB{Ki) will meet we need the following notation. 

For integers x < y of the same parity we define 

[x,vh = {x,x + 2,...,y-2,y}. 
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Lemma 7. If S, b\, . . . , b s and b are as above and Di denotes the set of 
layers that ips{Ki) meets then 

Di = [max{ai - 26j, -a,}, min{ai, a, + 2(U - bi)}] 2 + b. 

Moreover precisely one of the following holds for each 1 < i < s: 

(i) —Oi + b or cii + b belongs to Di, 
(ii) ti <b { < a,i and D { = [o» - 26*, a» - 2(bi - ti)] 2 + b. 

Proof. The first part follows by checking how large | A AB | can be as A varies 
over the sets from K{ ~ K^ t ., where \B\ = b and \A fl V(K{)\ = bi. 

For the second part suppose that (i) fails to hold. Now —di + b Di implies 
that a, — 2bi > —di, and hence bi < a,. Similarly since Oj + b ^ Di we must 
have ti < bi. Hence Di = [a, — 26j, tZj — 2(5; — i i )] 2 + 6. □ 

Given S, ips, b%, . . . , b s , and b as above define 

s 

E(b; &i, 62, — , &s) = [J[max{ai - 26 i; -aj, min{ai, a; + 2(t 4 - 6j)}] 2 + 6. 
i=i 

Since iPb(S) = i/)b{Ki) U - • ■ UiPb(K s ), iPb(S) will meet precisely those layers 
contained in £7(6; bi, . . . ,b s ). 

Thus the family of all possible sets of layers occupied by embeddings of S 
depends on which values of b and & a , . . . , b s can occur: 

W*(S) = {E(b; &a,..., 6,) I 35 C [d], |5| = b,\Br\Ki\ = bi,l<i< s}. 

Clearly each bi must satisfy < bi < a,i + U and if the cliques in S are vertex 
disjoint then all such values are possible. If, however, two cliques overlap, 
say \V(Ki) fl V(Kj)\ = c > 1, then b{ > di + U — d ==>- bj > c — d, so for 
example bi = di + ti and bj = is impossible. 

We can now prove Lemma [6j 

Proof of Lemma® Let S be a vertex disjoint union of cliques that is not 
t-Ramsey. If S is any union of cliques with the same weights and orders 
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as those in S then by the above discussion we have W'(S) C W'{S) (any 
choice of b\, ... b s that can occur for an embedding of S can also occur for an 
embedding of S). Now if S is t-Ramsey then Lemma [5] implies that W'(S) 
is t-translate-Ramsey. But then W'(S) C W'(S) so W'(S) is t-translate- 
Ramsey and so S is t-Ramsey, a contradiction. □ 

For the remainder of this section we will restrict attention to the case that S 
is a vertex disjoint unions of cliques. Note that in this case for any embedding 
we have b = J2i=i so we write E(bi, ...,&«) for E(b; bi, . . . ,b s ). 

Embeddings of S in which bi G {0,aj + ti} for each 1 < i < s will play a 
special role and we call these principal embeddings of S. We define 

P*{S) = {Eih, . . . , 6.) | h G {0, a, + 1 < i < s}, 

to denote those sets in W*(S) achieved by principal embeddings. Note that 
all E G P*(S) are translates of sets of the form {xia\,X2d2i ■ ■ ■ ,x s a s }, for 
some choice of signs X\, . . . ,x s G { — 1, +1}. 

For example consider S\ = [G]^ U [7, IS]*- 8 - 1 . In this case the principal embed- 
dings yield 

P*(Si) = {{4, 8}, {2, 14}, {1, 13}, {7, 11}}. 

We will let P'(S) denote those sets from W'(S) which are translates of sets 
from P*(S). So in this example we have 

P'(S 1 ) = {{0,4}, {0,12}}. 

Note that a coloring c of Z which alternates colors on the integers in each con- 
gruence class modulo 4 contains no monochromatic translate of either set in 
P'(Si). However, while this coloring also contains no monochromatic trans- 
late of the set {4, 12, 14} produced by the non-principal embedding obtained 
by taking b\ = 6 and 62 = 2, it does contain a monochromatic translate of 
the set {6, 8} produced by the non-principal embedding obtained by taking 
61 = and b 2 = 2. Since {0,2} and {0,4} are both in W'(Si), Si is 2- 
Ramsey. On the other hand, if S 2 = [6]^ U [7, 16] ^ then P'(S 2 ) = P'(Si) 
yet, as Theorem [TT] will show, S 2 is not 2-Ramsey ({0,2} is not in W^S^)). 

Our next result tells us that if the sizes of the cliques are not too small 
compared to their weights we need only consider principal embeddings. 
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Proposition 8. If S is as in Lemma [7| with tj > a» — 1 for each i then 
W'(S) = P'(S). 

Proof. No hi can satisfy the inequality in Lemma [7] (ii). Hence each set in 
W'(S) contains a set in P'(S), so in fact must equal a set in P'(S). □ 



3.2 Two cliques 

For integers a, b, c we denote "a is congruent to b modulo c" by a = c b. We 
extend this in the obvious way to sets: e.g. {8, 14} = 4 {0, 2}. 

Lemma 9. If S = K\ U K 2 is the vertex disjoint union of two cliques of 
weights a\ and a 2 and orders a\ + 1% and a 2 + 1 2 respectively, with a\ = p\2 ri 
and a 2 = p 2 2 V2 where ti,t 2 ,ri,r 2 > 0, r 1 < r 2 , and p\, p 2 are odd then 

(a) the reduced family of sets of layers of principal embeddings is 

P'(S) = {{0,|a 1 -a 2 |},{0,a 1 + a 2 }}. 

(b) If ri = r 2 then S is 2-Ramsey. 

(c) If r\ < r 2 and c is a 2-coloring of 7L, then there is no monochromatic 
translate of either set in P'(S) iff c(x) ^ c(y) for all x,y such that 
\x — y\ = d2 Tl , where d = gcd(pi,p 2 ) . 

Proof. By definition 

P*(S) = {{ai,a 2 }, {h,a 1 + a 2 +t 1 }, {a 1 + a 2 +t 2 , t 2 }, {a 2 + ti+t 2 , a 1 + ti+t 2 }} 
so (a) follows immediately. 

(b) If n = r 2 then, since {pi +p 2 ,pi — p 2 } =4 {0,2}, the integer 

(a 1 - a 2 )(a 1 + a 2 ) Pi - P2 , \ (P1+P2), x 

= — 2 — a2 > = — 2 — ~~ a2 ' 

is an odd multiple of one of a\ + a 2 and \a\ — a 2 \, and an even multiple of the 
other. Hence any 2-coloring of Z must contain a monochromatic translate of 
one of the sets in P'(S). 
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(c) If ri < r 2 then both \a\ — a 2 \ and ax + a 2 are odd multiples of d2 ri . Now 
if c(x) 7^ c(y) for all x, y such that \x — y\ = d2 Tl then c(x) 7^ c(y) for all x, y 
such that \x — y\ is an odd multiple of d2 Tl . Hence there is no monochromatic 
translate of either set in P'(S). Conversely, suppose c(x) = c(y) for some 
x, y with x — y = d2 ri . If r\ < r 2 then gcd(|ai — a 2 |, a\ + a 2 ) = d2 n , so there 
exist integers k and m, one even and one odd, such that (ai + a 2 )/c — (ai — 
a 2 )m = c?2 T * 1 . By symmetry we may suppose k is even and m is odd. Now 
if z = x + (01 — a 2 )m = y + (ai + a 2 )& then |z — x\ is an odd multiple of 
\cti — a 2 |, and |,z — y| is an even multiple of a± + a 2 . Since c(x) = c(y) there 
must be a monochromatic translate of a set from P'(S). □ 

Lemma 10. For each positive integer m divisible by 4, there exists a 2- 
coloring c of Z stzc/i £/ia£ c(a;) 7^ c(y) /or a// mf/j |a; — y\ = m, and 
c(z) = c(z + 2) = c(z + 4) does not occur for any z. 

Proof. The period 2m coloring obtained by taking RRBBRRBB . . . RRBB 
on [0, m — 1], then taking the complement of these colors on [m, 2m — 1], and 
so on, satisfies the required properties. □ 

Theorem 11. Let S = K\ UK2 be the vertex disjoint union of two cliques of 
weights a\ and a 2 and orders a± + 1\ and a 2 + 1 2 respectively, with a% = p\2 ri 
and a 2 = p 2 2 r2 where ti,t 2 ,ri,r 2 > 0, p\, p 2 are odd integers, and T\ < r 2 . 
Then S is 2-Ramsey iff at least one of the following is satisfied 

(1) n = r 2 ; 

(2) at least one oft\ or t 2 is equal to 0, and a\ and a 2 are both even; 

(3) t\ or t 2 is equal to 1, and 2 < r\ < r 2 . 

Proof. If (1) is satisfied then S is 2-Ramsey by Lemma[9](b). Assume ri < r 2 
and that (2) is satisfied, say with t\ — and a\ < a 2 . The sets {0, a 2 — a\ + 2} 
(by taking b = bi = 1) and {0, a 2 — a{\ are both in W'(S). If x is any integer 
such that c(x — 2) is not equal to c(x), then x + a 2 — a\ has the same color 
as x or x — 2, so there is a monochromatic translate of a set in W'(S). The 
argument is virtually the same if t 2 = or a 2 < a\. 

Now suppose (3) is satisfied. If c is a 2-coloring of Z with no monochromatic 
translate of either set in P'(S), then it must have the form prescribed in 
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Lemma M (c), so there exist integers x and y with opposite colors such that 
y — x is a positive multiple of 4. That means there exists an integer z G [x, y] 2 
such that c(z) = c(z + 2). Now there are four cases. 

If a 2 < di and t x = 1 then the set {(% + a 2 )/2, {a x + a 2 )/2 + 2} is in W*(S) 
(take 6 = b% = \a\ — 02! /2), and there is a monochromatic translate of this 
set. An identical argument works if a\ < a 2 and t 2 = 1. 

If di < a 2 and ti = 1 then for each % G [01], a translate of the set = 
{0,2,a 2 — di + 2z} is in W*(S') (take b = b\ — i). This means that if 
c(0) = c(2) = i?, to avoid a red translate of some set A4 G W / *(5'), all of 
the integers in [a 2 — ai + 2,a 2 + ai] 2 must be blue. For each consecutive 
pair of blue integers in this set of size a\, to avoid a blue translate of some 
set there must be a set of a x consecutive red even integers. Taking their 
union forces every integer in [2(a 2 — a± + 2), 2(a 2 + a\ — 1)] 2 to be red. Thus 
at this second stage we have 2a\ — 2 consecutive red integers of the same 
parity. Continuing this process, at the /cth stage there must be k{a\ — 2) + 2 
consecutive integers of the same parity with the same color. Since a\ > 4, 
this cannot be true for large k. An identical argument works if a 2 < ai and 
£2 = 1- Hence is 2- Ramsey. 

Conversely, assume that S does not satisfy (1), (2), or (3). If ai and a 2 have 
different parities then every member of W*(S) contains numbers of different 
parity, and thus S is not 2-Ramsey. So we can assume 1 < r\ < r 2 . If r\ = 1 
then we take a coloring which alternates colors on the even integers and on 
the odd integers. Since both a\ — a 2 and a\ + a 2 are odd multiples of 2, 
there is no monochromatic translate of either set in P'(S). Since both t\ and 
£ 2 are positive, each non-principal embedding contains two integers whose 
difference is 2, so these cannot be monochromatic. Hence S is not 2-Ramsey. 

Now assume that 2 < r\ < r 2 and so £i,t 2 > 2. By Lemma [TU1 there exists a 
coloring c of the type prescribed in Lemma (c) such that c(z) = c(z + 2) = 
c(z + 4) does not occur for any z. Since £i,t 2 > 2, any set in W'(S') \ P'{S) 
contains a translate of {0,2,4}, so there is no monochromatic translate of 
such a set. Furthermore, since a\ — a 2 and ai + a 2 are both odd multiples of 
d2 ri , there is no monochromatic translate of either set in P'(S). Hence S is 
not 2-Ramsey. □ 

If S = i^oi+ti U ^02+t2 ^ s ^ e un i° n °f t wo cliques which are not vertex 
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disjoint then Lemma tells us that for S to be 2-Ramsey it must have the 
same parameters as a vertex disjoint union of cliques that is 2-Ramsey. In 
fact we can say more and state the following theorem without proof. 

Theorem 12. If S = K^_ tl \jK^+ t2 is the union of two cliques whose vertex 
sets overlap in c > 1 points, a\ > a 2 , t\,t 2 > 2 then 

(i) If c > 3 then S is not 2-Ramsey. 

(ii) If c = 2 then S is 2-Ramsey iff there exists a positive integer m such 
that a\ — a 2 = 4m and a\ + a 2 = 2 mod 8m. 

(Hi) If c = 1 then S is 2-Ramsey iff there exists a positive integer m such 
that a\ — a 2 = 4m and a\ + a 2 = 0, 2, 4m — 2 or Am + 4 mod 8m, or 
there is an even integer m such that a± — a 2 = 4m and a\ + a 2 = 6 or 
8m — 4 mod 8m. 

3.3 Three cliques 

If the disjoint union of s cliques of different weights is t-Ramsey, then clearly 
the disjoint union of any s' of them, for any s' < s, is t-Ramsey as well. The 
converse obviously does not hold in general, so the following result is rather 
surprising. 

Theorem 13. A vertex disjoint union of three cliques of pairwise distinct 
weights is 2-Ramsey iff the union of each pair of the cliques is 2-Ramsey. 

Due to the various possibilities for the structure of each pair of two of the 
three cliques (Theorem [TT1 (1).(2).(3)). a complete proof of Theorem [T31 would 
be long. The main idea of our proof is to assume that the union of each pair 
of two of the three cliques in S is 2-Ramsey, and then show that the only 
possible coloring of the integers with no monochromatic translate of any set 
in W'(S) is periodic, with a short period. It is then easy to show that no 
such coloring exists. 

Lemma 14. Let ai,a 2 ,as be integers with a\ > a 2 > such that a 2 and 
a% have the same number of factors of 2 in their prime factorizations. Let 
ti,t 2 ,t 3 be nonnegative integers, and let S = ^Q"+ tl U K^+t 2 U ^-aT+t 3 ^ e 
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a vertex disjoint union of cliques. Any 2-coloring of the integers with no 
monochromatic translate of any set in W'(S) is periodic with period 2a\. 

Proof. Let C be any 2-coloring of the integers with no monochromatic trans- 
late of any set in W\S). Let e = gcd(ai, a 2 , a 3 ) and for each < i < 2e — 1 
let Zi be the set of all integers congruent to i mod 2e. By the proof of Lemma 
Efb) there must be two integers in Z with the same color whose difference 
is a 2 — a 3 or a 2 + a 3 . Assume it is the former, say C(0) = C{a 2 — a 3 ) = R. 
Then C(ai — a 3 ) = C(ai + a 2 ) — B to avoid red translates of {a 3 ,a 2 ,ai} 
and {— a 2 ,— a 3 ,ai} respectively. (Note that a\ — a 3 and a 1 + a 2 have the 
same color and their difference is a 2 + a 3 . If we had instead assumed two 
integers with difference a 2 + a 3 are both R, then two integers with differ- 
ence a 2 — a 3 would be B.) Then C{2a{) = C(2a\ + a 2 — a 3 ) = i? (to avoid 
blue translates of {— a 3 ,a 2 ,ai} and {—a 2 ,a 3 ,a 1 } respectively). Continuing, 
C(3ai — a 3 ) = C(3ai + a 2 ) = 5, and so on (in both directions) so that all 
integers congruent to or a 2 — a 3 mod 2a\ are colored R, and all integers 
congruent to a\ — a 3 or a\ + a 2 mod 2a\ are colored 5. 

Now consider any integer m colored R by the above argument. Then every 
integer congruent to m mod 2a\ is colored R, and if C(m + a 2 — a 3 ) = R 
then, by the same argument as above every integer congruent to m + a 2 — a 3 
mod 2a\ is also colored R. This in turn implies that if C{m + a 2 — a 3 ) = B 
then all integers congruent to m + a 2 — a 3 mod 2a\ are colored B (since if 
any of them were red they would all be red). Thus all integers congruent to 
m + a 2 — a 3 mod 2a\ have the same color. Similarly all integers congruent 
to m + a 2 + a 3 mod 2a\ must have the same color. Continuing in this 
way we see that for any fixed integers x, y the set of integers congruent 
to x(a 2 — a 3 ) + y{a 2 + a 3 ) mod 2a± all have the same color (of course for 
some values of x and y the color is B, for others it is R). In particular if 
d = gcd(a 2 — a 3 , a 2 + a 3 ) and j is any fixed integer then all integers congruent 
to jd mod 2a\ have the same color (and all these integers are in Zq). 

Now d = gcd(a 2 + a 3 , a 2 — a 3 ) = 2gcd(a 2 , a 3 ), so 2e = gcd(2a 1; d). Hence for 
each fixed integer j, all integers congruent to 2je mod 2a\ have the same 
color. So we have shown that the coloring C is periodic with period 2a\ on 
Z^. The same argument can be applied to Zi for each 1 < i < 2e — 1, showing 
that C has period 2a\ on the integers. □ 

Lemma 15. Let a 1; a 2 ,a 3 be integers with Oi > a 2 > a 3 stzc/i that a\ and 



17 



a 2 have the same number of factors of 2 in their prime factorizations. Let 
ti,t 2 ,t 3 be nonnegative integers, and let S = Kj^+ t U K^ t2 U K$£+ t be 
a vertex disjoint union of cliques. Any 2-coloring of the integers with no 
monochromatic translate of any set in W'(S) is periodic with period 2a 3 . 

Lemma 16. Let 01,02,03 be integers with a\ > a 2 > a 3 such that ax and 
03 have the same number of factors of 2 in their prime factorizations. Let 
ti,t 2 ,t 3 be nonnegative integers, and let S = K^ ti U K^+ t2 U Kj£+ t be 
a vertex disjoint union of cliques. Any 2-coloring of the integers with no 
monochromatic translate of any set in W'(S) is periodic with period 2a 2 . 

The proofs of Lemmas dS and [1_6] are similar to that of Lemma [TU For 
Lemma [T5| just as in the proof of Lemma [TU there exist two integers with a 
difference of at— a 2 which must be the same color, say C(0) = C(a\— a 2 ) = R. 
Then C(a 3 — a 2 ) = C(a\ + 03) = B (to avoid red translates of {03,02,01} 
and {— 01, — a 2 , o 3 } respectively). Then C(2a 3 ) = C(ai — a 2 + 2a 3 ) = R, and 
so on, eventually showing that the coloring on has period 203, for each 
< % < 2e — 1. For Lemma [161 J us t as i n t ne proof of Lemma HU there 
exist two integers with a difference of 01 — 03 which have the same color. 
If C(0) = C(ai — 03) = R then C{a 2 — 03) = C{a\ + a 2 ) = B, so then 
C(2a 2 ) = C(ai + 2o 2 — o 3 ) = R, and so on. 

Proof of Theorem\T!^ Suppose 01 > a 2 > a 3 and Oi = Pi2 ri , a 2 = p 2 2 T2 , a 3 = 



p 3 2 r z with Pl ,p 2 ,p 3 odd and n, r 2 , r 3 > 0. Let S = K^> tl U K^ t2 U K\ 



be a vertex disjoint union of cliques, with £ l5 t 2 , t 3 > 0. 

Clearly if any pair of the cliques in S is not 2-Ramsey, then neither is S. So 
we just need to show that if each pair of cliques is 2-Ramsey then so is S. 

Case 1. ri = r 2 = r 3 

By the above lemmas, any 2-coloring of the integers which does not have a 
monochromatic translate of any set in W'(S) has period 2ai, has period 2a2, 
and has period 2a 3 . Hence it has period d where d = gcd(2ai, 2a2, 2a 3 ). Thus 
there is a monochromatic translate of the set {0, a 2 — a 3 , ai — a 3 } from W'(S), 
since a 2 — a 3 and ai — a 3 are multiples of d (in fact there are monochromatic 
translates of every set from P'(S)). 

Case 2. r 1 = r 2 7^ r 3 and either (i) t 3 = 1 and ri,r 2 ,r 3 > 2; (ii) t 1 = t 2 = 1 




18 



and r 2 , r 3 > 2; (iii) i 3 = or one of t\ and t 2 is and the other is at most 
1 (with restrictions on the exponents according to Theorem ITT|) 

By Lemma [15j if there is a 2-coloring C of the integers with no monochro- 
matic translate of any set in W'(S) then C has period 2a 3 . For subcase (i), 
since t 3 = 1, {— a 2 , j, j + 2, ai} and {j, j + 2, a 2 , a{\ are both translates of sets 
in W'(S) for all j G [—03, 03 — 2] 2 . As in the proof of Lemma [T41 there exist 
two integers with difference a± — a 2 with the same color, say R. Due to the 03 
forbidden sets containing a 2 listed above, no two consecutive even integers in 
the period 2a3 coloring C can be colored R. As in the the proof of Lemma dU 
there also exist two integers with difference a\ + a 2 with the other color, B, so 
due to the 03 forbidden sets containing — a 2 listed above, no two consecutive 
even integers can be colored B. That means C must alternate colors on the 
even integers. However, then {a 3 , a 2 , ai} is monochromatic because ai, a 2 , a 3 
are all multiples of 4. 

For subcase (ii), since ti = t 2 = 1, the set {0, 2} is in W'(S): to see this take 
an automorphism given by flippling (a\ — a 3 )/2 coordinates in the first clique 
and (a 2 — a 3 )/2 coordinates in the second clique. So the only way to avoid 
a monochromatic translate is to alternate colors on the even integers which, 
as in subcase (i), produces a monochromatic translate after all. 

The proof of subcase (iii) is similar (but easier). 

Case 3. ri = r 3 7^ r 2 . Subcase (i) is exactly as in Case 2. For subcase (ii), 
since t\ = t 3 = 1, a translate of each of the sets {j, j+2, a 2 } and {— a 2 , j, j+2} 
is in W'(S) for each j e [— a 3 , a 3 — 2] 2 , and now an argument identical to the 
one in the proof of Theorem [TT] (3) for the case a\ < a 2 and t\ — 1, produces 
a monochromatic translate after all. 

Case 4. r 2 = r 3 7^ r\. Almost identical to Case 3. 

Case 5. ri,r 2 ,r 3 all distinct and greater than or equal to 2, at least two of 
ti, £3 equal to or 1. If t± and t 2 are equal to or 1 then the set {0, 2} is 
in W'(S) and we can finish as in Case 1 (ii) • If ti = t 3 = 1 then translates of 
{j,j + 2, a 2 } and {—a2,j,j + 2} are in W\S) for each j e [—a 3 , a 3 — 2] 2 . We 
know that any coloring candidate has two consecutive even integers with the 
same color, say and 2 are colored R, so [a 2 — a 3 + 2, a 2 + a 3 ] 2 is all B, so 
[— 2a 3 + 2, 2a 3 — 2] 2 is all R, and so on, producing arbitrarily long sequences 
of consecutive even integers with the same color, an impossibility. The other 
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possibilities in Case 5 are similar. 



□ 



3.4 Arbitrary unions of cliques 

There is no analogue of Theorem [13] for the disjoint union of four cliques 
of different weights. For example, if S is the disjoint union of cliques of 
weights 1,5,7,9 then, no matter what the orders of the cliques may be, S is 
2-Ramsey (this can be verified rather laboriously by hand by considering the 
16 sets in P'(S)). However, if S is the disjoint union of cliques of weights 
1, 5, 7, 11, and if the orders are large enough so that W'(S) = P'(S), (so 
by Proposition [HJ orders at least 1, 9, 13, 21 respectively) then 5* is not 
2-Ramsey. The period 38 coloring of the integers obtained by repeating 
the sequence RRRRBBBRRBRBRBRRBBB on the even integers, and on 
the odd integers, has no monochromatic translate of any of the 13 sets in 
P'{S) (in fact these colorings are the only colorings of the integers with no 
monochromatic translate of any set in W'(S)). By Theorem [TBI the disjoint 
union of any three of these four cliques is 2-Ramsey, no matter what the 
orders of the cliques may be. 

Which disjoint unions of s cliques are not 2-Ramsey, but the disjoint union 
of any s — 1 of the cliques is 2-Ramsey? By Theorem [J3J none with s = 3. 
By our next result, none if s is sufficiently large. 

If S is the vertex disjoint union of s cliques Kf£+t v • • • , K(£+t a where a« is odd 
and ti < 1 for each i, then S is 2-Ramsey. This is so because {0,2} e W\S) 
(take hi = (a$+l)/2 for each i), but the only 2-coloring of the integers with no 
monochromatic translate of {0,2}, is one that alternates colors on the even 
integers and so contains a monochromatic translate of the set {x\a\, . . . , x s a s } 
obtained by letting Xi — 1 if dj = 1 mod 4, and xi = — 1 if a, = 3 mod 4, 
since any pair of elements from this set differ by a multiple of 4. 

Our final result (Theorem [T8|) tells us that if we require ti > 2 for each i 
then, for sufficiently large s, the vertex disjoint union of s cliques of different 
weights cannot be 2-Ramsey. First we show that to prove this we need only 
consider configurations S where is odd for all i. 

Proposition 17. Let S = Kj£+ t U ■ ■ • U K^°+ ts , be a vertex disjoint union 
of s cliques. For a positive integer m, let S m = K^_ Ul U ■ • • U K^ Ua) be a 
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vertex disjoint union of s > 2 cliques with = mai for each i. 

(a) If Ui > 2 for each i and S m is 2-Ramsey, then so is S (for all values of 
the ti's). 

(b) Ifti>0i — 1 for each i and S is 2-Ramsey, then so is S m (for all values 
of the Ui's). 

Proof. We note that the sets in P'(S m ) are obtained by multiplying each 
element in each set in P'(S) by m. 

For (a) suppose that S m is 2-Ramsey. Since > 2 for 1 < % < s, Theorem 
[Tj] implies that r% = r 2 = ... = r s , where 2 Tl is the largest power of two 
that divides aj. In particular all the a; are of the same parity. Now, for a 
contradiction, suppose that S is not 2-Ramsey and take a coloring c of the 
integers avoiding all monochromatic translates of sets from P'(S). Since the 
dj are all of the same parity the sets in P'(S) only contain even integers. 
Hence the sets in P'(S m ) only contain numbers congruent to mod 2m and 
so their translates lie in a congruence class mod 2m. 

Since each Ui > 2, Lemma [7] implies that for any embedding ip : — > Vj, 
W(ijj(S m )) either contains a translate of {0, 2, 4} or it contains a translate of 
A m G P'(S m ). Thus, if we construct a coloring d of the integers avoiding all 
monochromatic translates of of sets in P'(S m ) and {0,2,4} then S m is not 
2-Ramsey, a contradiction. 

We can define such a coloring as follows: for integers j, n, with < j < 2m— 1, 
let d(2mn+j) = c(2n), if j = 0, 1 mod 4 and c'(2mn + j) ^ c(2n) if j = 2,3 
mod 4. For any m > 1, d avoids monochromatic translates of {0,2,4} (if 
d{x) = d{x — 2) then x = 0, 1 mod 2m and so d{x + 2) ^ c'{x)). Moreover 
d restricted to any mod 2m congruence class gives a restriction of c or its 
complement to the even integers. Since any monochromatic translate under 
d of a set A m G P'(S m ) lies in a congruence class mod 2m it would correspond 
to a monochromatic translate under c of a set A G P'{S), but c contains no 
such monochromatic translates. 

For (b) suppose S m is not 2-Ramsey and let d be a coloring of the integers 
with no monochromatic translate of any set in P'(S m ). Define a coloring c on 
the integers by c(n) = c'(mn). Clearly c does not produce a monochromatic 
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translate of any set in P'(S), and since P'(S) = W(S) (by Proposition [S]) , 
S is not 2- Ramsey. □ 



Theorem 18. If S is the vertex disjoint union of s > 39 cliques K^_ tl , . . . , K a a s 
contained in Qj, and each ti > 2 t/ien S 1 is not 2-Ramsey 

Proof. We will use a probabilistic argument employing the Lovasz Local 
Lemma |9] (see Lemma fT9l below) . 

Let S be a vertex disjoint union of s > 39 cliques K^+ t , . . . , K^ s + ts , with 
each tj > 2. Suppose, for a contradiction, that S is 2-Ramsey. By Proposition 
IT71 (a) we may suppose that gcd(aj, . . . , a s ) — 1. If any pair of the a, are of 
different parities then 5 is trivially not 2-Ramsey (simply color all even layers 
red and all odd layers blue). So we may suppose that a\ < a 2 < • • • < a s 
are all odd and in particular a^+i — a, > 2 for 1 < i < s — 1. By Lemma |5l 
W*(S) is 2-translate- Ramsey. Hence, by Lemma HI there exists such that 
any 2-coloring of [tit] contains a monochromatic translate of D G W*(S r ) = 
{H / (-0(5')) : ^ : V d ->■ V rf is an embedding}. 

Since each tj > 2, Lemma [7] implies that for any embedding ip : — > Vd, 
W(ijj(S)) either contains a translate of {0,2,4} or it contains a translate of 
{xiai,x 2 a 2 , ■ ■ ■ ,x s a s }, for some choice of signs xi,...,x s G { — 1,-1-1}. To 
show that S is not 2-Ramsey it is sufficient to prove that there exists a color- 
ing of [tit] with no monochromatic translate of {0, 2, 4} or {xiai, . . . , x s a s }, 
for any choice of signs. We will do this by defining a random 2-coloring of 
the integers and showing that with positive probability no translate of sets 
of the above types are found in the restriction of this coloring to [n?]- 

Define a random coloring of the integers c : Z — > {R, B} as follows. For 
each i G Z such that i = or 1 mod 4, toss a fair coin (all coin tosses are 
independent). If the coin toss is heads set c(i) = R and c(i+2) = B otherwise 
set c(i) = B and c(i + 2) = R. We refer to each pair (i, i + 2) of integers 
colored in this way as a block. 

Note that if yi, y 2 , ■ ■ ■ , Vk are distinct integers no pair of which differ by 
exactly two then they are all colored independently. Moreover for any choice 
of colors ci, . . . Ck G {R, B} we have 

Pr[c(yi) = ci, c(y 2 ) = c 2 , . . . , c{y k ) = c k ] = 2~ k . 
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The coloring has the property that for any x G Z it is not true that c(x) = 
c(x + 2) = c(x + 4) (since either (x, x + 2) or (x + 2, x + 4) is a block). Hence 
no translate of {0,2,4} is monochromatic. 

For each integer b let Rb be the event that there exists a choice of signs 
x±, . . . ,x s G { — 1, +1} such that {xia±, . . . , x s a s } + b is red. Let be the 
event that at least one of b — cii and b + di is red. Then 

PrL^HPr^A^A-.-A^]. 

Clearly Pr[i^] = 3/4 unless « = 1 and a\ — 1 (in which case it is equal to 1 if 
(6—1,6+1) is a block, and 3/4 otherwise). We note that (b + a i: b + a i+ i) is a 
block iff (b—a i+ i, b—di) is a block, since a i+ i— = 2 implies (b+a i+ i) — {b— a*) 
is a multiple of 4. If i < j and 6 + a,j, 6 + aj are in different blocks, then E\ 
and E 3 b are independent, while if they are in the same block then j — % + 1 
and Pr[^ A E 3 b ] = 1/2. 

Hence if (b — ai,b + a±) is not a block, and there are precisely t blocks of the 
form {b + <ii,b + a i+ i), for some 1 < i < s — 1, then 

while if {b — ai,b + ai) is a block, then Pr [/?{,] < (3/4) s_1 . Hence this last 
inequality holds no matter what. 

For an integer b let be the event that there exists a choice of signs 
Xi, . . . , x s G { — 1, +1} such that {^iOi, . . . , x s a s } + b is monochromatic. By 
symmetry we have Pr[M b ] < 2(3/4) s_1 . 

Our next aim is to show that the event M b is independent of "most" other 
events My, in the following sense. 

Claim: Mb is independent of all but at most 6s 2 events My. 

For any integer b let = {±ai, ±a 2 , • • • , + b. Let b be fixed. We 
first count the number of ways to choose b' ^ b such that Db fl Dy ^ 0. If 
Db fl Dy 7^ and b' ^ b then there exist u,v <E {±Oi, • • • , ±a s } such that 
6' = b + u — v. Now 6' 7^ & implies that u ^ v. If we suppose also that u ^ —v 
then there are 2s(2s — 2) such ordered pairs (u, v), but they produce at most 
s(2s — 2) distinct values of b' (since (u,v) and (—v,—u) produce the same 
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value of b'). There are at most 2s other values of b' produced when u = —v, 
so there are a total of at most 2s 2 distinct values of b' such that D^P^Dy ^ 0. 
Since Mf, is independent of all My except those for which there exist igDi, 
and y G Dy such that x G {y — 2,y,y + 2}, there are at most 6s 2 values of 
b' such that M& and My are dependent. 

It is straightforward to check that for s > 39 we have 2(6s 2 + l)e 1 < 1. 
Hence, by the Lovasz Local Lemma (Lemma fl~9l) . with non-zero probability c 
gives a coloring of [riy] with no monochromatic translate of {xiai, . . . , x s a s } 
for any choice of signs x±, . . . ,x s G {— 1, +1}. Hence S is not 2-Ramsey. □ 

Lemma 19 (Erdos-Lovasz [9]). Let Ai,...,Ak be events in a probability 
space that each occur with probability at most p. If each event is independent 
of all but at most d other events and epid + 1) < 1 then there is a non-zero 
probability that none of the events occur. 



4 Questions 

Given Theorem [THJ a natural question to ask is: do there exist 2-Ramsey 
subsets of Vd that cannot be embedded into a small number of layers? To 
make this precise we define l(S) to be the smallest number layers into which 

5 C Vd can be embedded: 

l(S) = min \B\. 

Bew(s) 

Question 20. Do there exist subsets Sd^Vd such that Sd is 2-Ramsey and 
lim^oo^Sd) = oo? 

Another natural question to ask is: how large can a 2-Ramsey subset of Vd 
be? By Ramsey's theorem examples of size (i d / 2 |) ex ^- 

Question 21. If S CVd is 2-Ramsey how large can \S\ be? 



Acknowledgements 

We wish to thank both referees for their careful reading of the original ver- 
sion of this paper. Their detailed comments and suggestions were extremely 



24 



helpful. 



References 

[I] N. Alon, A. Krech and T. Szabo, Turdn's theorem in the hypercube, SIAM 
J. on Disc. Math. 21 (2007), 66-72. 

[2] N. Alon, R. Radoicic, B. Sudakov, J. Vondrak, A Ramsey-type result for 
the hypercube, J. Graph Theory 53 (2006), 196-208. 

[3] M. Axenovich, R. Martin, A note on short cycles in a hypercube, Discrete 
Math. 306 (2006) no. 18, 2212-2218. 

[4] F. R. K. Chung, Subgraphs of a hypercube containing no small even cycles, 
J. Graph Theory, 16 (1992), 273-286. 

[5] M. Conder, Hexagon-free subgraphs of hypercube J. Graph Theory 17(4) 
(1993), 477-479. 

[6] D. Conlon, An extremal theorem in the hypercube Electron. J. Combin. 
17 (2010), Rill. 

[7] J. R. Johnson and J. Talbot, Vertex Turdn problems in the hypercube, J. 
Comb. Theory Ser. A 117 (2010) 454-465. 

[8] E. A. Kostochka, Piercing the edges of the n-dimensional unit cube (Rus- 
sian) Diskret. Analiz Vyp. 28 Metody Diskretnogo Analiza v Teorii Grafov 
i Logiceskih Funkcii (1976), 55-64. 

[9] P. Erdos and L. Lovasz, Problems and results on 3-chromatic hypergraphs 
and some related questions, in Infinite and Finite Sets, A. Hajnal et al. 
(Eds.), Colloq. Math. Soc. J. Bolyai, 11, 609-627, North Holland, Amster- 
dam, 1975 

[10] D. Offher, Polychromatic colorings of subcubes of the hypercube, Siam J. 
Discrete Math 22 (2008), 450-454. 

[II] F.P. Ramsey, On a problem of formal logic, Proc. London Math. Soc. 
Series 2 30 (1930), 264-286. 



25 



[12] L. Ozkahya and B. Stanton, On a covering problem in the hypercube, 
http : //arxiv . org/abs/ 1 110. 0224 

[13] A. Thomason and P. Wagner, Bounding the size of square- free subgraphs 
of the hypercube Discrete Math 309 (2009), 1730-1735. 



26 



